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1. INTRODUCTION

Let (f, .., f,,) be a vector of complex-valued functions f; (i=1, ..., m)
analytic in a neighborhood of infinity. For each natural n we can select a
vector of rational functions

(Ql/Qn’ Rt Qm/Qn)

with polynomials of degree not greater than n such that, for i=1, .., m,
0./0, interpolates f; at infinity with a degree as high as possible. What can
we say about convergence of these simultaneous rational approximants? It
is very difficult to give an answer without more special assumptions about
the vector. Here we consider a case when each f; is a Markov function.

1.1. AN-Systems. Let us define a particular system. Let m and b be
positive fixed integers,

a=mb.

Suppose for i=1,..,m, j=1,..,b, {u, ;} is a set of positive Borel
measures with compact support in R and assume (to exclude trivial cases)
that supp(y;, ;) is an infinite set. By 4, ; we denote the convex hull of

supp(u; ;), D;=C\4, ,, and ) ; denotes the Radon-Nikodym derivative
of u,; ;. Some restrictions on 4, ; are needed:

I 4,,04; =7, i#]J. (1.1)
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II. If b>1 then

4, ,04; ;50.=,  j=1,.,(b—1).

For fixed i (i=1, ..., m) define

gij+1,(2)=1, j=1,..,0b,
d i,b X
gi,b,b(z):J L(), ze C\4, ,,
dip Z—X
and if b>1, (1.2)
gi,j,k(z)zj gt,/+1,k(x) ll’ll,j(x)’ ZEC\ALJ-
Z—X

ij

=1, b—1,k=j, .. b

DeFINITION 1. The family {g,, ,:i=1,..,m, k=1,..,b} where g, .
is given by (1.1), (1.2) is called an AN-system determined by the measures
(1)

S'ince for fixed i the functions g, ; , are defined recursively the order of
numeration is not arbitrary. If for an AN-system m =1 and b =1, then we
have a simple Markov function. If m=1 and b>1, the AN-system is a
Nikishin system (of order b) on 4, ;. Such systems were introduced and
studied by Nikishin in [ Ni]; further properties can be found in [ Ni; NiSo,
Chap. 4.4; Bulo2; Pi; and DriSt]. If m>1 and b =1, the AN-system is an
Angelesco system; see [A]. In [GoRal] some general results were
obtained on the convergence of simultaneous approximants for the last
systems. In the notation above A stands for Angelesco and N for Nikishin.
In this paper we work with a general AN-system, and assume that all
measures u, ; are given and fixed as above. Note that for fixed 7, the system
of functions

g[,l,k’ k=1a2a 9b (b>1)
is a Nikishin system.

A family {u,}7_,, up,e C[4] (4 a bounded closed interval), is called a
Chebisheff system of order # if for any reals o, (k=0, 1, .., n), Y} _, a7 >0,
the function

n
z O uk('x)
k=0

has no more than n zeros in 4.
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It is known that if f;, ..., f. is a Nikishin system (of order r) on 4 and
ny=n, = --- >n, then

Ly ooy X7 () ey XA, ey (X)) ey X ()
is a Chebisheff system of order
no+n + - +n,—1
Moreover, if ny+n,+ --- +n,—1 distinct points are given in int(A4),

there exist polynomials P, deg P, <n, — 1, such that

i x) fe(x) o (fo=1)

has a simple zero at each one of the fixed points and has no other zeros
in int(4) (see [ NiSo, Chap. IV.4, Theorem 4.4, and Corollary]). The same
result remains under the more general condition

ne= —l+max{n,, , N s n,}
for k=0, .., (r—1) (see [ DrSt]). This fact will be used below.

1.2. Some Notation

In the sequel 71(n) denotes the set of all polynomials P, deg P <n, ne N.
IT*(n) is the set of all monic polynomials in /7(n).

For each n (n>a), i (i=1,..,m), and j (1 <j<b), we fix positive
integers n(i, j) such that

L ifb>1,
n(i, j) = —1+max{n(i, j+ 1), .., n(i, b)},
for j=1,..,b—1;

m b
II. n=> > n( k). (1.3)
i=1 k=1
III. For fixed i (=1, ...,m) and k (=1, .., b),
n(i,k) 1
n a

1.3. Simultaneous Hermite-Pade Approximants for AN-Systems

Given neN (n>a), we seek polynomials Q,ell(n), Q,#0, and
ik €MH(n), for i=1,..,m, 1 <k<b, such that

F, i 1(2) 1= 0,(2) gi1.4(2) = Py 1 (2) = O(z 717740 (1.4)

P,

n,
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as z - o. P, , is the principal part of Q, g, , , at infinity and O denotes
Landau’s big oh.

It is easy to show that the above problem has a nontrivial solution.
Indeed, conditions (1.4) yield

(n(i, k)+n+1)=m+1)a+n

NG E
I M=

i=1 k

homogeneous linear equations in the

l+n+ ) Z (m+1)=mn+1)a+1)
i=1 k=1

unknown coefficients of Q, and P, ; .. We prove below that for any non-
trivial solution deg Q, =n, then it we take Q,eIl*(n) the polynomials
P, . . are uniquely determined by (1.4). The polynomials P, , , introduced
in (1.4) are often called Hermite—Pade polynomials of type II. For a review
on the (strong and weak) asymptotic behavior of Hermite—Pade poly-
nomials see [ ApSt].

DEerFINITION 2. Let Q,,, P, , ; be given as above (Q, € I[1*(n)). The vector

<P)1,1,1 Pn, 1,6 P)1,2,1 Pn,m,b>
Qn o Qn ' Qn o Qn

is called a simultaneous rational (or Hermite—Pade) approximant to the
vector

(gl, Lils s 81,1, 821,15 > &m, 1,/;)~

Remarks. 1f m=1 and b=1 we have the (n, n) Pade approximant to a
single Markov function (g=g, ;). From Markov’s classical theorem we
know that, in such a case, F, ; ;/0, converges uniformly to zero on each
compact subset of D,, briefly

P 1,1 . .
LS g, inside D, .

Q.

Moreover,

PYO Pn] 1 o —2g(z, ©
lim 81,1,1( z)— 0 (z) Le ¥, (1.5)
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where g(z, o) is Green’s function of the domain D,. If 4} ;>0 a.e. on 4,
we have equality and a regular limit in (1.5).

In [GoRal] the convergence of the simultaneous approximants for an
Angelesco system was studied. They obtained results analogous to (1.5)
(with g4} ;>0 ae.) and proved that, in general, we cannot expect con-
vergence of the approximant in the largest possible region.

In [BuLal] the convergence of the Hermite—Pade approximants for a
Nikishin system was studied (m =1, b > 1) without any additional assump-
tion on y;, ;. Here, we always have convergence of the rational approximants
in the largest possible region (n(1, 1) —n(1, b)<1).

Here we present some new results for AN-systems combining ideas of
[GoRal] and [ BuLol]. The first step is to find a function H(z) such that

lim |Q,(z)["" = H(z).

To this end we follow the potential-theoretic approach employed in
[GoRal]. We need some extremal relations. We will introduce some
auxiliary functions which allow us to show that in (1.4) some extra inter-
polation points appear and the polynomials Q, may be factorized into
orthogonal polynomials with respect to some varying measures. To do it,
no additional hypotheses on the measures u; ; are needed, but for reasons
connected with the solution of the corresponding potential theoretic
problem, we assume that x; ;>0 a.e. The existence of extra interpolation
points was used in [ BuLol ] to prove convergence of the approximants for
a general Nikishin system.

1.4. Statement of the Main Results

The set of all unit (finite) positive Borel measures u, such that
suppucd (4 is a fixed bounded closed interval of the real line R) is
denoted by M(4) and M,(4) is the set of all measures 4 of the form

i 0, (1.6)

where ¢, ..., 1, are points in 4 (not necessarily distinct) and J, is the unit
measure concentrated at point 7. We can associate to A the polynomial

d

l_[ (x —t,) e IT*(d),

and reciprocally to each polynomial in I7*(d) with all its zeros in 4 there
corresponds a unique measure in M, (A4).
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The (logarithmic) potential of a measure A€ M(4) is denoted by

V() ::L log dnn, zeC

|z —1]

The symbol 4, — A, applied to sequences of measures, stands for weak
convergence. It is known that M(4) is weakly compact (for this and other
results on potential theory see [Lan], also [NiSo]). Therefore, each

sequence {/,} in M(4) contains a subsequence {4,} such that 1, — 4,
Ae M(A). For the intervals 4 considered below,

P ™ P, ((0”, (S M(A)) < V(/,n g Vq, inside C\A

Our main result is the following

THEOREM 1. Suppose that u; ;>0 ae. (i=1,..,m; j=1, .., b), then there
exist measures @; o€ M(A4, ) such that

i V(,,,.‘O(z)),

i
m

lim |0, (2)] " = exp <—

where Q,, is given by (1.4).

As can be seen from the Proof of Theorem 1, the measures ¢, , are deter-
mined as the (unique) solution of an extremal problem of potential theory.
In regards to the convergence of Hermite—Pade approximants, we have

THEOREM 2. Under assumptions of Theorem 1, for i=1, ..., m there exist
measures ¢, o€ M(4, ) and (if b>1) ¢, € M(4, ,) such that:

(a) Ifb>1

where
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(b) Ifb=1 then

Pn,i,l(z)

1/n m
0,(z) =P < Z @, 0 Vw,-,(,(z) _mf,o>,

lim|g; (z)—

where

mi,O = min < Z P, 0 + V‘/’: 0(x)>.

xedio

The measures ¢, , are the same in Theorems 1 and 2. Note that for m > 1
and b =1, Theorems 1 and 2 reduce to the main statements in [ GoRal ] if
we take ¢;=1/m. Theorem 2 gives the asymptotic for the first function on
each interval but nothing is said about (g, | » — P, 1.,/Q,) when 1 <k <b.
To obtain the corresponding asymptotic, new extremal relations are
needed. For this purpose, we need to find new interpolation relations. We
will illustrate the method discussing a particular system.

THEOREM 3. Let m=2, b=2, A,,=[c,,d|], and 4, ,=[c,,d,]
(c,<d,<cy<d,), and suppose that g, ,, and g, , , have finite limits
g1.2.2(¢1 ), g1.2.20d)"), g222(¢5), and g, 5 5(dy). Take n(1,2)<n(l,1)
and n(2,2)<n(2,1), n=n(1,1)+n(1,2)+n(2,1)+n(2,2).

Then there exist measures ,€ M(4, ,), o,€ M(4, ,) and constants «,,
o, 1, B2, my, and m, such that

11m (ot 2+ Bi) B 1(2) = By i 2(2)] V" = exp 4(2V¢k O(Z) =V, (2) —my),

k=1, 2,

where @, o is given as in Theorems 1 and 2, and o, is the (unique) solution
of the extremal problem

min (—V, (x)+7V,(x))= max min (—Vk'o(x)+2VA(x)).

¢ q
xedy 2 Pk.0 AeM(Ay,2) xed, 2 ”

Theorem 3 will be proved in Section 4. This gives indirect information
about the asymptotic behavior of F, | , and F, , ,. The restriction in func-
tion g, ,, and g, , , is due to the fact that we need F, , , and F, | , to
satisfy some orthogonality relations. In proving Theorem 2, we observe
that an extra amount of interpolation points automatically appear on seg-
ment A, , for each one of the functions F, , , and F, , ;. For the func-
tion F, |, it is sufficient to infer some extremal relations (see Section 2
below) that allows us to continue the proof as in [BuLol]. But it is
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expected that for general selections of the indexes n(1, 1), n(1,2), n(2, 1),
and n(2, 2) there are not sufficient extra interpolation points for F, | , in
45 .

In Theorems 1 and 2 we study a symmetrical case, that is, for i=1, ..., m
we have on 4, a Nikishin system of order b. It is possible to obtain an
extension to nonsymmetrical cases.

2. PROOFS OF THE MAIN THEOREMS

First, let us obtain some auxiliary formulas (for the proofs of the lemmas
see Section 3).
LemMA 2.1. For a fixed i (i=1, ..., m)

(a) JA» (Qngi,zykp)(x) d,u,'ﬂl(.x):o, k:l,..., b’
where P € II(n(i, k) — 1) is an arbitrary polynomial.

(b) (PE,, ()= ] Qe8P gy mt o,

A; 1 Z—X

where Pe Il(n(i, k)) is an arbitrary polynomial.

We will use Lemma 2.1 to obtain some information on the location of
the zeros of Q,,. Set

b

aln, i, j):= Y, n(i k).

k=j+1
LemMMA 2.2. deg Q,=n and Q, has exactly o(n, i, 0) zeros (changes of
sign) in 4;, (i=1, .., m).

For i=1,2,..,m, we fix a monic polynomial Q, ;,, whose simple zeros
coincide with the zeros of Q, on 4, |, then

Qn::II Qmi' (ZJ)

i=1
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Fori=1, .., m, set

Hn, i,O(Z) ::Qn(z) (22)

LLJ H, i,jfl(-x)

zZ—X

d)ui,j(x)y j=1,.. b.

From (b) in Lemma 2.1 we know that (k=1, P=1,g,, ,=1)

H,1(2)=F, ;1(2). (23)

Lemma 23. (a) Ifb>1,1<j<b, then

H, i,j(Z) =( _1)j+l E, i,j(Z) - i (_1)j+k gi,k+l,j(z) H, i,k(Z)'

k=1

(b) Fori=1,..,mand j=0,1,..,b—1,

b
Hn,i,j(x)< Z (Pkgi~./’+2,k)(x)>d:ui.j+l(x):O

i j+1 k=j+1

where P, e Il(n(i, k) — 1) is arbitrary.
The above lemma says that H, , ; has at least

b

aln, i, j) Y, nli, k)

k=j+1

zeros (changes of sign) in 4, ;,,, for 0<j<b (see Section 1.1).
In the following fix a monic polynomial w (i=1,..,m),

n, i, j

b

degw, ;= Y. nli,k):=an,ij), (2.4)

noi, j
k=j+1

Jj=0,1,..,b—1, whose simple zeros coincide with the points where H, ; ;
changes sign in 4, ;, , (note that w, , (=0, ;).
LEmMA 24. Fori=1,2,..,m,

(a) for 0<j<b,
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where P, is arbitrary, Pe II(a(n, i, j—1)—1).
(b) For0<j<b, H, ; ;/w, ,; ; does not have zeros in 4, ;. .
(c) ForO0<j<b,

W, i,j(Z) W, i,j—l(Z) ’

Hnﬂ,-,A,-(Z)_ 1 j Wi,i,j—l(x) Hn,i,j—l(x) d/uiﬂj(x)
A; zZ—X Wn,i,j—l(x) Wn,i,j(x)

The assertion (b) in Lemma 2.4 allows us to define new measures 4, ;,
such that polynomials w, ; ; ; are orthogonals with respect to 4; ;. Set
H, :p_1(x)

W i p—1(X)

fn,f,h(x)z

and
dhi p(X) = fo i 5(x) dpt; (x)
and for b>1, 0<j<b,

|Hn,i,j71(x)|

|u}n, i j— l(x) M}n, i ](X)|

fn, i,j(x) =
and
dh;, j(x) = fu i ;(x) dp; ().

LemMA 2.5. Given i (i=1, ..., m),

4i; P

wa (X)) d2, (x)=inf L | P*(x)dA; ;(x)

for j=1,..,b, where PeIl*(degw, ; ; ;).
We will use the above relation to obtain a problem in potential theory.

Notation. For i=1,..,m and j=0,..,1, b—1, denote by ¢, the
measure in M, ; ;(4; ;) associated to w, ;; (see Notation in Sec-
tion 1.4). We know that ¢, ; ;e M(4, ;,,). We must show that there exist
@; ;€M(4, ;,,), such that

Po,iyj = Pi, o as n— oo, (2.5)

i=1,..m; j=0,.,b—1 (weak convergence). Here the additional
hypothesis u; ;>0 is needed.
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It is known that M(4, ;, ) is weakly compact. Therefore, each sequence
{¢,..;} contains a subsequence which converges weakly to a measure ¢}
on M(4, ;. ,); thus, in order to prove (2.5) it is sufficient to check that any
family of limit measures ¢}, (i=1,..,m; j=0,.., b—1) is the unique
solution of a system of extremal equations which does not depend on the
sequence involved in the selection of the limit points ¢};. In fact, the
extremal equations (and the solution) only depends on the geometrical
distribution of the segments 4, ; and certain numerical constants which
describe the proportion with which interpolation is distributed along the
different segments (and functions).

Following ideas of [ GoRa2], the system of equations is obtained from
Lemma 2.5 and

Lemma 2.6 (see [GoRa3]). Let K be a closed (finite) interval in R,
neM(K), ' >0 ae. Let R, be a sequence of monic polynomials with all its
zeros in K, deg R,,=r,, r,— o0, and h, a sequence of functions, h,,#0 on K,
such that

log &,
N
B

h

n

uniformly in K. If

9= i f [R(s)]
Rel*(ry) Yk |h, ()]

J IR, (s)] i

du(s), n=1,2,..,
o (5)] (s)

then any limit point v in M(K) of the sequence

1 | 1
v, :=—log —
" SR,

satisfies the extremal relation

min(V,+ h)(x)= max min(V,+ h)(x).

xekK LeM(K) xekK

Now, suppose that u; ;>0 ae. If AcN and ¢f,e M(4, ;, ) are such
that
(pn,i,j_)(p?jj’ I’IEA,
this allows us to write

lim |w, , ;(2)]"*" ) =exp—V . (2) (2.6)

neAd i

where the convergence is uniform on each compact subset of C\4, ;.
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Let ¢, be defined as above and V. be the associated potential, then
i

LEmMMA 2.7. (a) Fori=1,..,m

min<2bV¢:0—(b—1)Vq,ﬁ]+b ) V%)(x)

xed k=1, ki

= max min <2bI/}—(b—1)le+b > V*0>(x)

AeM(4; 1) xed; k=1 k£i

where pF =0 if b=1.
(b) Ifb>1, fori=1,..,mand 1 <j<b,

min 2(b+1=) Ve ==))Vye =(0+2=))V,. )(x)
= rnax) min 2(b+1—7)V,—(b—j)V —(b+2 ])V (%)
JeM(A; ;) xed;; -2

where ¢ ;=0 if j=b.

Note that, to each segment 4, ;, we associate an extremal equation and
a measure ¢*,. An important remark related to the above system is that,
if we take the measures ¢}, as unknown, this extremal system does not
depend on the measures x; ; and, using techniques from potential theory,
we can prove that such a system has one and only one solution (see
[ GoRal; GoRa3; and NiSo, Chap. V) if the corresponding matrix of the
coefficients satisfies certain conditions.

LemmaA 2.8. The extremal problem above has one and only one solution
@5 i=1,2,.,n 0<j<b. Moreover, ¢, ; ;— ¢, ;.

LemMMA 29. Fori=1,..,m,let ¢, ;e M(4, ;) (j=1, .., b) be the solution
of the extremal problem above and w, , ; be defined as in (2.4). Then

lim |w, ; ;(z)["*" ) =exp( =V, (2)).

Proof of Theorem 1. Theorem 1 follows from Lemma 2.9 since

l/n n |Qn i l/n l_[ |M}n i, 0 |1/’1

i=1 i=1

:exp{—i iy, )

i=1 n
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and
a(n,i,0) 1
n m’
Proof of (a) in Theorem 2. From (2.3) and (c) of Lemma 2.4 we have
that if > 1,

F,.i.1(2) :Hn, 11(2)
Wn, i, l(Z) M}n, i, I(Z)

1 J Wﬁ,i,o(x) Hn,f,o(x) dlui,l(x)
Wn,i,O(Z) 41 z—X M/n,i,O(x) M}n,i,l(x)'

We know (see (c) of Lemma 2.4) that H, ; o(x)/w, , o(x) does not change
sign in 4; ;; then using (b) of Lemma 2.1, we have

1/n

Pn,f,l(Z)
0,(2)

_hm ’ nz I(Z) J‘ nz()( )|Qn( )|d,ul-’]-(_x)
Qn(Z Wy i O(Z) A1 |Qn,i( ) n,[,l(X)|

lim

gi1.1(z)—

12

1 m
=expa<—(b—1)V¢“+b YV, bV, —m,,1>.
k=1

We will obtain an exact expression for the constant m,; ;. We observe
that w, , , does not have zeros in 4, , and V,, g v, unlformly ind,,.
Set s, =inf{w, , (x):xe4,,} and ¢, —sup{ Wi (x ) xeA, 1}, then the
sequence ¢,/s, is bounded.

Set

en: {XEAI',I : |(Qn Qn,i)(x)| >nMnsn}
where

_ nlO( )|Q}1( )|dlui,1(x)
Mn_Lf.l |Qn,i( x)w n,i,l(x)l

and E, =4, ;\e,, then
lui,l(en) nMIS}’I<J\ |(Qth,n)(x)| dll’tll(x)gtnMn

This says that u; ,(e,) — 0. Taking into account that x; , >0 a.e., we have
le,| = 0, where |A| denotes the Lebesgue measure of A.
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Now we know that
H Qn Qn, zH Ai 1 < ” Qn Qn, IH E, kz om0

where k,=y(2 |4,,|/|E,|—1)—> 1, Y(x)=x+/x*—1, x>1 (see [NiSo,
Chap. V, Lemma 5.2]), so

Qn Qn, i

w

M, <

ﬂi,]( l])< HQnQntHA,])ut ( Il)

n, i, 1 |4

1 .
; 10 Qo il e, Ky = = Dy 1 (A5 1) SmM Ky 2O p, (4, ).

From the relations above

. J‘ ntO )lQn( )ldiui,l(x) Ln
lim
a1 () w1 (x)]
: Qn Qni Y
= lim Wi i1 lla;,

:expcll<—min <—(b nv, +b Z (pk0+bV(/,LO>(x)>. 1

xedi1

Proof of (b) in Theorem 2. Here we use that

P . 1/n
i |g,11(2)~ 54
1. 1 2 " d l/n
i | o, G 1T Qudio

3. PROOFS OF LEMMAS

Proof of Lemma 2.1. The function F, ; , is holomorphic in a neighbor-
hood of infinity. Thus, for sufficiently large R >0 we have (see (1.5))

\inR F;:,l,k(z):()a ]:O> S n(lsk)_
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Taking into account (1.2), for j=0, .., n(i, k) — 1,

0= E.u2)7d
lz2l=r

Z—X

- s | 2

= 2ni L_ (0, 81 2.0)(x) X dit, 1 (x).

From this follows (a); (b) is obtained analogously. ||

Proof of Lemma 22. If b=1, taking into account that g,, =1, the
second assertion follows immediately from (a) in Lemma 2.1. If 5> 1, we

have
b

0=] 0.6 T (Regun)(x) di () G

k=1

where P, e Il(n(i, k) — 1) is an arbitrary polynomial. Assume that Q, has at
most Y7 _, n(i,k)—1 changes of sign on 4,,. Then we can take P,
k=1, .., b, conveniently so that

Z Pkgi,Z,k

changes sign exactly at those points where Q, does (see Section 1.1). There-
fore, O, has at least

n(i, k)

1

I M=

i

changes of sign on 4, ,. Taking into account that deg O, <n and (1.3), we
have that deg 0, =n. |

Proof of Lemma 2.3. (a) If b>1, using (2.2) and (b) of Lemma 2.1 we
obtain that

Hooe=] = |2 5 duato

2 27X Y4 XS

1 1
e e

A1 Z—S Z—X S—X

(Qn gi, 2, 2)(S)

zZ—S

=8u2,2(2) Hy 1(2) = | di 1 (5)

:gi,2“2(z) Hn, i 1(2)—E7, i,z(Z)-
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Following the above argument, it is easy to prove that if 5> 1, 1 <j<b,
then

Hn, i,j(z) :(_1)j+1 Eq i,j(Z) - Z (_l)jﬂ( gi,k+l,j(z) Hn,i,k(z)-

(b) From (2.2) follows that H, ; ;is analytic in C\4, ; and from (2.3)
and part (a) of this lemma,

Hn’[,j(z)=0(z’l’”(i’j)) (b>1,1<j<b)

as z — oo.
For j=0, (b) is just (3.1) (see (2.3)). If 5> 1, from (a) in Lemma 2.1 and
(1.2),

0= | (QrgiauPIx) dut, ()

[ @pae | 8 ), )

2 Y4i 1 Ai2 X —
=_L H, . (s) 2 Pkngk () duy 5(s).
Q2

Thus (b) takes place for j=1.
Making in the formula above P, =0 (if b >3), then

b
0=| Hn,i,l(x>(z Px) | g""""(”dm,a(sodui,z(x)
42 k=3 4i3

X—S

b
[T s ([ (R0 - R deat)

43 =3 X—3S

—P.(s) j H, ;.(x)

4i2 X

du, ) ity (s)

:L. H, . »( < Y, 8iaxl Pk(5)> du;, 5(s).

For other indexes j the proof follows analogously. |

Proof of Lemma 2.4. Note that, if b>1,
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is analytic on C\4, ; and the Laurent expansion of this last function at
infinity starts with

Z—l —o(m, i,j—l).

This allows us to prove (as in Lemma 2.1) that for j=1,.,b—1 (if b>1)

du.
[ttt

where P, is arbitrary, Pe Il(a(n, i, j—1)—1).
We shall show that H, ; ;/w, ; ; (0 <j<b) does not have zerosin 4, ;, ;.
From (3.2) (as in Lemma 2.1), we obtain that for j=1,..,6—1,

H, .. 1 - du; .
n, 1,_/(2) — J Wn, L_/*l(x) Iim ,',j_l(x) :uz,‘](x)
Wy, i,j(Z) Wy, i,jfl(Z) i z—X W, i,j(x)
1 W;21,i,j71(x) H, ., (x) du; ;(x)

= . (33)

Wn,i,j—](z) 4 z—X Wn,i.j—l(x) Wn,i,j(x)

We know that w, ; ; has all its zeros in 4, ;,, thus by a recursive
argument, we only need to prove that H, ; ,/w, ; ; does not change sign on
R\4, ,. But we know that

I{n,i,l(z) 1 i,i(x) Qn(x) d:ui,l(x)

We1(2) Qi) sy 2—=x Qui(x) Wy (X)

(3.4)

and, according to Lemma 2.2, Q,,/0,, ; does not have zeros in 4; ;. There-
fore the right-hand side of (3.4) has constant sign on 4, ,, which yields our
assertion.

Proof of Lemma 2.5. 1t is enough to rewrite the formula in (a) of

Lemma 2.4.
Forb>1,1<j<b,

Wn,i,j(x) P(x) dli,j(x)zos j=1,..0b,

Ai, j

where P is an arbitrary polynomial, deg P < —1 +Z,’j:]. n(i, k). 1

Proof of Lemma 2.7. We need some results.
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PROPOSITION 1. There exist an infinite set A, < A and finite constants
d; ;, such that fori=1,..,m, j=1,..0b,

1
lim ——— 1
o and, j—1) 8

I Wi,i,jfz(s) H, ; ;_»(s) dﬂi,j—l(s) —d
4 (x—s) VVn,i,j—z(S) M;n,i,jfl(s) b

for xed, ;.

Proof. 1t is sufficient to prove that the sequences involved are bounded.
We need the following result (see [ GoRal, *2, p.36]): if ¢' >0 a.e. on 4,
for any sequence of monic polynomials {P,}, with all its zeros on 4,

deg P,,=m,
) P d 1/m
lim <L,||a> =1
n H m“
If j=2 (here inf means inf, _, )

1 . : ‘
0 <exp . {—mfﬂ/% L) +1nf<— X Vo ot Ve, H> (x)}

k=1, k#i

. . n Hn,i, (X)
=l1mAmf w? ol 47, <exp log inf o) (;Vn,i,l(x) >

) ) ) H . (X) 1/n
= lim inf v io(8) dug ()" inf e

fm n <L,.,/W"~”°(S) ) ) W (%)

w2 o (8) H, ; o(s) du; ((s)]1/n w2 .0, |V
<lim inf || i olS) oS i ()| ] W0 @a
4 A1 (X - S) Wn, i, O(S) M)n, i, l(s) 4 M}n, i, OM}n, i 1

1 2
=exp —inf <lim sup — log |w,, ; 1(x)| + - log
4 N n

)

1. m
=exp—a1nf{—Vq,f1(x)+2VW )+ >V e (X } 0.

k#i

W1, 0(X)

+ > log

k=1, k#i Wy, i 0(xX)

If b>3 and j=3, it is sufficient to note that

1 ‘ (1)
inf inf
" sedi 2 |Wn,i,0(s) M}n,t 2 | tedi Qn i n

Wi, i, 1(s) H, 1(s) d,ui, 1(s)
L, » (5 8) W, 1(8) w4 2(8)

k ‘m,u., W2 ol
tl

<
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j M/n i, l( )dlul 2( ) J Wi i,O(Z) Qn(l) d:ui, ](l)
ais (X=8) W, 5 0(8)n 5 2(8) Jaiy (=) w, ;o) W, ;1(1)

w2

n, i, 1

Qn 11/,1’ i, 0
Qn, iM}n, i, 1

i1

< 1}7

n, t, kil A4; 2

where lim /)" =1lim k)" = 1.
For other indexes the proof follows analogously. ||

ProprosITION 2. Let A, be as in Proposition 1, then for i=1,..,.m
1 <j<a, the sequence

i j—1) log f, ; ;(x)

converges uniformly (in 4, ;) to

b—1 - . .
(a) 5 Vi (%) — > Vor (x),  for j=1ifb>1.
k=1 k#i
b—j by2—j . .
(b) Tl—] (p;kj(x) +m wajiz(x) + di,j if 1<j<b.

(© 2V, (X)+diy o if b>1, j=b.

@ - 3 Ve if b=1=)

(pl,O
k=1 k#i

Proof. For j=1,b>1,

a(n’ i, 0) logﬁ, i, l(x)
— 1 10 I—In, i,O(x)
“alni,0) [, o), (0)
n(X)
(n l O Qn i M}n i, l(x)
n__fami]) & alnk 0) }

= Vv, — hS R SAN 7

d(n, i: O) { n W”"'](X) k:lZ:k;éi n ‘/’n.k.o(x)

b—1 m
-— Vwi‘l(x)_ > Vq,:o(x).

b ’ k=1, k+#i
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For j=2,b>=2,

O((I’l, i, 1) log ﬁt, i, 2(x)
Ll e M)
a(n, i, 1) W, i 1(X) W, 2(X)]
n O((I’l, i, 2) a(n’ i, 0)
- v,
O((l/l, i’ 1) { n Vq)“- fvz(x) + n P, [‘O(X)

Wi, i,o(s) H, ; o(s) d,ut, 1(s)

fal_ L (x=8)w, i o(8) W, i (s)

|

1
+—log
n

b-2 b
_)ﬁ Vw;pz(x)"‘i V* (X)"l‘dl-’z.

For j=3, b >3,

(n, i, 2) log £, i 3(x)
I B P E]
(X(I’l, i’ 2) |Wn, i,Z(X) Wn, i, 3(X)|
. n a(n, i, 3) a(n, i, 1)

T an, 0, 2) { n Vq’"y H(x) + n V‘/’m i ](x)
+110 j Wi,i,l s) H, ;1(s)du; »(s) }
s =) W (5) W a(9)

b—3 b—1
—)m (pl*3(X)+bf2 wa](x)+d[’3.

In general, if 1 <j<b,

I — o
T 98 )

|Hn, i,jfl(x)|

= — log
a(n, i, j—1) |M}n,i,j71(x) Wn,i,j(x)|
n on, i, j) on, i, j—2)
= V e 7
a(n, i, j—1) { n “n. "~f(x) + n “n, "-ffz(x)
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1 w2 o a(8) Hy, o o(s)du;,
+710g J’ ;1,1,]—2( ) A 2( :u Jj— I( )}
n dij—1 (X—S) m}n,i,j72(s) Wn/ I(S)
b—j b+2—j
- Vi, d.
b+1—j * ¥ b+1—j %2 X)F+d o

Ifb>1 and j=b,
| .
T 8 h )
_ 1 log |H, i p—1(x)]
(x'(n’ l,b—l) |M}n,i,b71(x)|

n {oc(n, i,b—2) v ()
Pn, i, b—2

Tam i b—1) n

Wi i p_o(8) H, i,b72(s) dﬂi,bfl(s)

L,-»,,,] (x—s) W, i,b—z(s) Wi, i,b—l(s)

|

1
+-log
n

- 21/(/;;'*1’72()5) +dip1-

fh=1=]

i I \H, ()]
log £, 1(x) = Sk
2m, 1, 0) 08 it ) =gy 08 1 )

0,(x)|_ 1 ¢ alnk.0)
O((I’l, ir 0)1 g Qn z( ) _zx(n, l,O) {_k—gk;&i n Vq)”’k’o(X)}

m

D AN CON

k=1, h#i
Now we will use Lemma 2.6: set for i=1,..,m, 1 <j<b,
1

hni =

s 1 J fn,i,j
I i,jzza(nn ln]_l)

and

hi,j %di,j’

where k, ; are defined in Proposition 1.
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Taking into account Lemmas 2.5 and 2.6, we obtain that potentials V.
satisfy the extremal relations: 7

(I) Ifj=1and b>1,

, 1b—1 1 1
xrgil,}l <I/(/)ZF°2 b V(/)’?k]—i_i k:;k;éi VW;O?E k”) )

) 1 b-—1 1 = 1
= max min (V;—z T wal-i-i . Z Vq’/f.o_i k,’,j> (x),

reM(4; 1) xed; — 1. ki

and this is equivalent to

min <2bV(/,_*0—(b—1)le+b y V,,>(x)

xedi k=1 ki

= max min <2bm—(b—1)V¢*l+b > VW“>(X).

AeM(4i 1) xedi k=1, k+#i

(I Ifb>1,1<j<b,

. b—j b+2—j
min (20, 27w, i v

b—j b+2—j
= max min <2V;I—J V. *_—;J. Vq;*k,j2> (x).
A ] :

reM(4; ) xed;;
(I1) Ifb>1, j=b,

min (V, — x)= max min (V,—V X).
XEA[.h( b "):J*Z)( ) JeM(4ip) xeA[_,,( g "’f.k,f—z)( )

(IV) Ifb=1=,

min <2V</’,-’fo+ > th0> (x)

xedi k=1k#i

AeHA}IE(lAXI 1) xrllill;ll <2V;+k_§k¢,' Vw;O) (X) I

Proof of Lemma 2.8. Let us give a convenient enumeration for the
measures @, and intervals 4, ; (for convenience we introduce the extra
factor b/(b+1—j) in (b) of Lemma 2.7 for 1< j<b). We enumerate the
equations of Lemma 2.7 in the following way: first, the m equations in (a);
second, the m equations in (b) with j=2; then the m equations in (b) with
j=3, and so on.

If p is an integer then p’ = [ p/m], where [ x] denotes the greatest integer
¢ such that g < x.
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Now for i=1, .., a, set

Vi=0F i and Ai=A;_ i i 415 (3.5)

so we have a measure and « intervals.
Take, for i, j=1, ..,a (j=1i),

(b—i")? if j=i
27
b

b if 1<ij<landj#i
Cij;= . .
' —(b_ o—i'—1) if j=m+i

b j
0 otherwise

and ¢; ;=c¢,, for i>j.
Now the system in Lemma 2.7 can be written as

a a
min ) ¢; V= max m1n< > ci’jV,,,,.(x)—i-c,f’,fI/i(x))
xed; =1 AeM(A;) xed; =i, jti

fori=1, .., a.

To prove that this last system has one and only one solution
{Y,:1i=1, .., a}, it is sufficient to show that the matrix C=(c, ;) satisfies
the following conditions (see [ NiSo, Chap. V]):

(I) C is symmetric;
(I1) if ¢; ;<0, then 4,0 4;= &; (3.6);
(IIT) C is positively defined.

It is easy to see that C is symmetric. If ¢; ; <0, with i> j, then j=i—m.
Taking into account that (i —m) =i'—1 and

j—jm=i—m—(i—m)m=i—m—(i"—1)ym=i—i'm,
we have

A=Yy, i1 and Aj:lpifi'm,i')
then (see (1.1))

A0 4=

This proves (II) (C is a symmetric matrix).
Set

A={(i,j):i<], c,-“j<0}.
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Suppose that x,, ..., x,, are arbitrary real numbers, then

a
Y Ci XX,

i,j=1

a m
_ 2
=2 ), Xk ) e Xp 2 Y XX,
(i, ed i=1 Lj=1,i<j
b—1 m

= Z Z C(jfl)m+1',jm+ix(j7l)m+ixjm+i
Jj=1 i=1

2 a m 2 m
+5 Y (b—i’)zxf+b<z x,-> —b Y x}

=1 i=1

o w (b+1=j)b—))
= Z Z b (x(j—l)m+i_xjm+1)2
Jj=1 i=1
2 a m
- Z (b*l')lez—i— Z b(b‘f‘l)x?
b i=1 i=1 b
2 a o m 2 m 5
+EZ(b—l)xl+b Yox; ) —b ) x;
i=1 i=1 i=1
b—1 m . .
L(b+1=))(b—))
= z Z b (x(jfl)m+i_xjm+i)2
=1 i=1

m 2 m
+b<2 x,-> + ) x;=0. 1
i=1

= i=1

Proof of Lemma 29. Fix i and j; we know that ¢, , — @, €
M(4,; ;, ). Taking into account that

deg C071, ij = O((I’l, ia ])
and
1 1

w, . (z 1/(0((;1,12./'):6)( _ lo =exp—V. (z R
| ,l,j( )l p O((I’l, l,]) g W,,,,-,,-(Z) p ?’/z,z‘/( )

we have the assertion. ||

4. A SpecIAL CASE

Now we discuss Theorem 3. The additional conditions on g, , , mean
that there exist real numbers «, f§ such that g, , , —az — f does not vanish
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in C\4, ,. Then its reciprocal is a Markov function with measure sup-
ported in 4, , (see the Appendix in [ KrNu]). Indeed, there exists a signed
measure u* such that

1 du*
:J\ H (S)’ ZEC\ALz.
A

gl,z,z(z)_“z_ﬂ L2 Z2—8

Hence

L P(s)((as + ) B, 1 1(5) = £, 1, 2(8)) du™(s)

:f (PO,)(x ax+ﬁ—g1,2,2(x))f =ty 4 (x)

A1, 2 X—S
=], (PO dur () =0,

where Pell(n(1,1)—1) is an arbitrary polynomial. Consequently,

(s +B) F, 1 1(s) = F, 1 2(5)

has at least n(1, 1) zeros in 4, ,. Let us prove that there exist no other
zeros. If for some polynomial R, deg R>n(1, 1)+ 1, with zeros in 4, ,,

(az+B)F, 1 1(2)—F, 1 »(2)
R(z)

is holomorphic in C\4, , then

| 0 Po)ax + = g125(x)

for Pell(n(1,1)+n(1,2)—1) arbitrary. This says that Q, has at least
n(1,1)+n(1,2)+1 zeros in 4, ; and this is not possible (see Lemma 2.2).
We have obtained the following

PROPOSITION 3. There exists a polynomial w}¥ ,elIl*(n(1,1)) such that
all zeros of w,, , lie in [c, d] and

| s (as + B, 1 () By ()] die¥(s)

|(°‘S+ﬁ)Fn,1,1(S) n 1 2(8)] d,u (s)
w5 ()]

= min | |g%s)
42,1

qgelIl*(n(1,1))
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Using this extremal relation, reasoning as in the Proof of Theorems 1
and 2, we can obtain the result announced in Theorem 3. Taking g, , , in
place of g, , ,, we obtain an analogous result.
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